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Abstract 

In this paper we consider generalized eigenvalue problems for a family 
of operators with a polynomial dependence on a complex parameter. This 
problem is equivalent to a genuine non self-adjoint operator. We discuss 
here existence of non trivial eigenstates for models coming from analytic 
theory of smoothness for P.D.E. We shall review some old results and 
present recent improvements on this subject. 



1 Introduction 

The problem considered in this paper has two very different origins. The first, 
from the historical point of view, concerns Dissipative Problems in Mechanics. 
Let us consider the second order differential equation 

Au" + Bu' + Cu^O, (1.1) 

where the unkonwn function u is defined on M with values in some Hilbert space 
du 

/ i and u' = — . Equation II. II is a model in mechanics for small oscillations of 
at 

a continuum system in the presence of an impedence force |19) . 

Now looking for stationary solutions of that means u{t) = woe'*'*, we have 

the following equation 

{X'^A + XB + C)uo^O (1.2) 

So equation H1.2|l is a non linear eigenvalue problem in the parameter A G C. 
Existence of non null solutions for H1.2|l is a non trivial problem. For B 
this problem is equivalent to a true non-selfajoint linear eigenvalue problem 
(see section II of this paper) and even the existence of one solution for one 
complex number may be a difficult problem. But by adding suitable conditions 
on A, B, C several authors, ^1 1171 1201 have proved the existence of a total 
set of generalized eigenf unctions for H1.2|l . 
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I start working on this subject 25 years ago for a completely different reason. 
At that time B. HelfFer asked Pham The Lai and me if the following non linear 
eigenvalue problem has at least a solution (A, u) where A G C and u in the 
Schwartz space u ^ 0, 

{Dl + (x^ ^ Xf) u = 0, (1.3) 

d 

where = Equation 11.31) is connected with analytic hypoellipticity for 

iox 

operators like sum of squares of analytic vector fields Xi, • • • , X^, defined in an 
open set of R", satisfying the Hormander's condition: there exists an integer 
N such that the iterated brackets of the fields Xj of length less than TV span 
a vector space of dimension n at each point. This is a sufficient condition for 
C°°-hypoellipticity for operator A — EIj i-e if Au is C°° in the open 

set uj then u is also C°° in the open set ui. When the coefficients of the Xj 
are real-analytic in uj, satisfying Hormander condition, and Au is real-analytic 
in a;, is it true that u is real- analytic in w? This is the analytic- hypoellipticity 
problem. 

The general answer is no. The first example was given by Baoucndi-Goulaouic 
|2] with the following system in R^, 

o O 

Xi = X2^ J—, X3=X1 — . (1.4) 

ox I 0x2 0x3 

For this example, Baouendi-Goulaouic have constructed a solution u, non an- 
alytic at 0, such that Au = 0, by using non trivial solutions of the equation 
{D^_^ + Xi + X'^)v — which exist for A = + 1, j £ N, as it is well known 
for harmonic oscillators. 

In 1978, B. Helffer has proposed another example of sum of squares of vec- 
tor fields which are hypoelliptic but not analytic-hypoelliptic: A = D^_^ + 

{x\Dx2 — Dx^)^ ■ The Baouendi-Goulaouic construction of non analytic solu- 
tions at point (0, 0, 0) for A is also possible if (|1.3() has a non trivial solution 
(for a generalization of this method see JI]). But this problem is less obvious 
than for harmonic oscillators. In |25| we have given a positive answer to the 
question and we have proved furthermore that there exists a total set of gener- 
alized eigenfunctions. Our proof uses pseudodifferential technics (parametrices) 
and spectral analysis. Nowadays, two other proofs of this result are known. 
M. Christ 0, using O.D.E techniques and Wronskian arguments, has extended 
our result to the equation 

{Dl + {x"' - Xf) u = (1.5) 

for every m G N, rn > 2. 

Let us remark that if m = 1 , for every A G C, the equation 1)1. 5|l has only the 
zero solution because of translation invariance. 

Recently Chanillo-Helffer-Laptev 4 have given a proof using a very different and 
elegant method involving trace inequalities and the Lidskii theorem concerning 
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the trace of operators. In the paper j3| the authors consider a more general 
problem, in several real variables {x S M"). Let us introduce the following 
family of differential operators, 



where P is a polynomial of degree m > 2 such that the homogeneous part Pm 
of P satisfies Pm{x) > for every x £ M"\{0} (in other words we say that P is 
a positive-elliptic polynomial). 

In 0] the authors prove existence of non trivial solutions for 1 < ?i < 3 assuming 
that m is large enough. 

In January 2003 Bernard Helffer gave in Nantes a lecture concerning the work 
After that, Bernard, Xue Ping (Wang) and me, have improved in |E1 the 
results of ^ by making a semi-classical analysis of the traces identities coming 
from the Lidskii theorem. The main result proved in 15^ is the following 

Theorem 1.1 Assume that n is even and that P is a positive- elliptic polyno- 
mial of degree m> 2. 

Then there exists A e C and u G 5(M"), m 7^ 0, such that Lp{X)u — 0. 

Remark 1.2 Our proof gives an infinite number of solutions but it is not known, 
if the solutions of ^.5\} span the whole Hilbert space L'^(R"). 
On the other side for n odd, n > S, the problem of existence of non zero solu- 
tions is still open. It seems reasonable to conjecture that such solutions always 
exist. It is true for n — 1 and for some cases if n — 3. 

Another difficult but interesting problem would be to localize in the complex plane 
these possible eigenvalues X. We shall give a very partial result at the end of 
this paper. 

In this paper we want to explain in more details some results concerning 
these non linear eigenvalue problems and to give the main steps of their proofs. 
We also explain an approach to prove the above conjecture in odd dimension, 
n > 3 (see also 

2 Functional Analysis approach of the problem 

We start here with a more general problem. Let be fc G N, n > 1, and a pencil 
L{\) of operators in the Hilbert space H defined by 



Let us assume the following properties: 

(P-1) Ho is a self-adjoint, positive operator, with domain D{Hq) in H. 

(P-2) For every < j < fc - 1, HjH^^''"'^'" and H^^'^^'^Hj are bounded 

operators in 7i. 

(P-3) is in some Schatten class C for p > ( for the definition of Schatten 

classes see ^j). 



Lp(A) = -A + (P(x)-A)' 



(1.6) 



L(A) = i/o + AFi + ■ ■ ■ + X^-^Hk-i + A'-'l 



(2.7) 
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Then L{X), A € C, is a family of closed operators on the domain D{Hq). 
Moreover the index of L(A) is and A ^ L{X)~^ is a meromorphic mapping 
from C into the Banach space C(H) of compact operators in Ti. So A is a pole for 
L if and only if L(A) is not injective in D{Ho). But according to a well known 
trick the poles of L can be identified with the eigenvalues of a non-self-adjoint 
operator. 

Let us define the k x k matrix of operators 



A, 






1 














1 
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Ho 






■ —Hk 



\ 



(2.8) 



is a closed operator in the Hilbert space 



n ^(^. 

i<j<fc 



(fe-i)/fc 





with domain 



(2.9) 



(2.10) 



0<j<fe-l 



Al is invertible and is in the Schatten class C^. For A e C, A 7^ 0, we have 

{i(A) is invertible} {Al ~ Al is invertible} (2-11) 
Moreover, if we write down the resolvent oi A^ as a matrix operator, 



{Al - Al) 1 = {rj,eW}o<j,<e<k- 



(2.12) 



then we have L{X)^^ = — ro.fc_i(A). 

Let us denote by sp[L] the set of eigenvalues of L and if Ao G sp[L], £\g[L] 
denotes the generalized eigenspace for the eigenvalue Aq, defined by Keldysh 
|17| . as the linear space span by the solutions uo,ui, - ■ • ,ui of the following 
system of equations (£ G N), 



dL(Ao) 
L{\q)ui, H — ui-i + ■ 

The following result is proved in |17[ 1^ 



L(Ao)-uo = 
d^L(Ao) 



-m 



0. 



(2.13) 
(2.14) 



Lemma 2.1 // the linear space £\ [Al] is dense in Ti. then £x [L] is dense 

Aec Aec 

in JC. 

This lemma is useful because we can apply known results for non self-adjoint 
operator to our non linear eigenvalues problem. 
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Theorem 2.2 (Dunford-Schwartz, Assume that there exist rays , 1 < 
j < J in the complex plane <C, starting from the origin, such that the angle be- 
tween two consecutive rays is strictly smaller than n/p and there exist positive 
real numbers p, R, such that 

\\L{\)\\c(H)^0{\X\P), for |A|>i?, AeUi<,<jS,. (2.15) 

Then ^^8\[L\ is dense in Ti.. 
Aec 

Following |25j . we can apply the above functional analysis result to quadratic 
pencils Lm(A) ~ + (a:™ — A)^, for m eN, m even, m > 2. 

Proposition 2.3 L„j(A) has a complete system of generalized eigenf unctions 
in L^(R). These functions are in the Schwartz space S{M.). 

Sketch of Proof: 

We have here L{X) ^ Dl + x^" - 2Aa;™ + A^ and H^^''^ is in for every 

p > . So the angle condition of the Dunford-Schwartz Theorem is here 

m 

rriTT p— — - 
9 < -. Let us denote Sq, — {re*",r > 0}. Then proposition 12.31 is a 

consequence of the following result: 

Lemma 2.4 L{X)^^ exists on Sg and on Sq, for every a e]7r/2, tt] U [— vr, — 7r/2[ 
and satisfies the estimates 

||L(A)-i|| -o(|A|i/2")forAeSo, (2.16) 
||L(A)-i|| ^0{\X\-^)foY XeE^, a e]7r/2,7r] U [-7r,-7r/2[. (2.17) 

Sketch of Proof of the Lemma 2.4 

The estimate on Sq comes from a direct computation. Estimate on Sq can be 
proved by pseudodifferential technics (cf [2H1) or also by direct estimates. | 

The angle condition is more difficult to check in higher dimension n. The 
reason is the following. For Lp{X) = —A + {P{x) — A)^ we have Hq = —A + 
P^{x), where P{x) is like \x\™. Because of eigenvalue asymptotics (see for 

exemple ESI) we have Hr, is in for every p > — — — — ^, this is optimal, so 

TO 

the angle condition to apply the Dunford-Schwartz theorem is ^ < 



n(m -\- 1) 

Then we need resolvent estimates on closer and closer rays when n increases. 
It is the reason why the approach proposed by Chanillo-Helffer-Laptev is very 
useful. The basic idea is the following. Let us recall the Lidskii Theorem |1(J) . 
Let Ti be an Hilbert space and T an operator in Ti in the Schatten class C^. 
Then we have 

Tr(r)= ^ (2-18) 

A6sp[T] 
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where sp[T] is the set of eigenvalues of T, with their multipHcities. 

So to prove that L{X) has a non empty spectrum it is sufficient to prove that 

Tr (Al)"^ ^ for some i>p (2.19) 

The property H2.19|l is the core of the method of 0] . For simplicity let us explain 
this method in more details in the one dimension case, for i„i (m > 2). For 
the computations it is more convenient to conjugate hy a unitary operator 
such that we get an operator Al acting in the Hilbert space L^(R) x L^(M). For 
L = Lm we denote Am = A^^ and we easily have 

^" - ( Jv. "X^ ) . (^.^o) 

where Hq ^ Dl + a;^'" and = -2a;™. 
So we have 

Am - -C^ ) (^-^^^ 

where C = Hq B = —H^ ^^^HiHq . Hence we have 

Tr (Am^) = Tr {B^ - 2C^) . (2.22) 

By scaling we have, for every 7 > 0, 

Tr {Dl + 7x2™)"' ^ ^i/(m+i) Tr [dI + 7x2™)"' . (2.23) 

Then, computing the derivative at 7 = 1 on each side, using the Cauchy-Schwarz 
inequahty, | Tr {M'^)\ < Tr (MM*) for M = H^^Hi, we get 

Tr (B^) < ^^^^ Tr (C^). (2.24) 

So the conclusion follows, for m > 2, with 

Tr {Am') < (^-^ 2) Tr {H„-') < 0. (2.25) 

In ^ the authors have used the same method for n — 2, 3, by computing 
Tr (^^^) • The proof is much more tricky and give the expected conclusion for 
m > 6. We shall see in the next section that by adding some semiclassical ingre- 
dients in the Chanillo-Helffer-Laptev approach as we did in ^nj, it is possible 
to improve their result in the even dimension case. 

3 A Semiclassical Analysis of the problem 

Let us consider first the quadratic pencil L p where P is a positive-elliptic poly- 
nomial of degree m > 2 in R", n > 2. For simplicity we assume that P is homo- 
geneous. By the scaling transformation x = ry with h = r^~™ and /i = h 1 
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we can see that Lp{\) is unitary equivalent to the scmiclassical Hamiltonian 
H{^Ji) where 

H{p) = -h^Ay + + l-fif (3.26) 

So H{n) is the ?i-Weyl operator with the symbol y, tj) = Tf + {P{y) + 1 — y)^ . 
For semiclassical analysis tools and h- Weyl quantization we refer to 1221 for 
scalar symbols and to fTSI for matrix symbols. Here we use the notation H for 
the /i-Weyl quantization of the symbol H . 

As above, to the semiclassical quadratic pencil H{y) is associated a non self- 
adjoint matricial operator Ap in i^(R") x 

where Hq = -h^Ay + {P{y) + lf. The /i-synibol Ap{y,ri) of Ap has two 
eigenvalues 

fi±{y.il) = P{y) + l±^\v\ (3.28) 

So using standard methods in semiclassical and spectral analysis adapted from 
R. Seeley 2!) and the authors get the following result 

Theorem 3.1 For every real number s < , in the semiclassical 

m 

regime h'\ 0, we have, 

Tr (if,) X ^Cj-,ftJ-" (3.29) 



j>0 



with 



co.s = (2^)-"/ ^i^l+{x,OYdxd^, (3.30) 

ci,s = 0, (3.31) 
C2.S = << something computable >> (3.32) 

So using Lidskii Theorem to prove that £p(A) has a non empty spectrum, it is 

fiiffi -|- t ) 

enough to prove that there exist s < and j G N such that c, s 7^ 0. 

m 

The main result in |15| is that this can be checked if n is even. 

71 (771 1 ) 

Lemma 3.2 If m> 2 and n is even then for every s < , cq ^ 7^ 0. 

m 

Proof 

We have 

/ fi+{x,0'dxd^= f {P{x) + lY+^ f il + t\v\ydr^ (3.33) 
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So we have to compute fs{i) where 

/,(«)= / (l + aMYdrj. (3.34) 



By scaUng and analytic extension we easily get fs{a) — a "/(I) for a £ C, 

/ TITT \ 

a ^] — oo, 0]. Then ^fs{i) = cos l^—j /^(l) and /,(!) > 0. So the conclusion 
follows. ■ 



Remark 3.3 We conjecture that for n odd, n > 3, there always exists j > 

j^(fYL -}~ 1) 

1 and s < such that Cj s ^ 0. To check this it is necessary to 

m 

perform algebraic computations which are under investigation in ^jj. A similar 
method was used in {24i to prove existence of resonances for matrix Schrodinger 
operators. 

The above lemma gives much more than existence of at least one eigenstate. 
We shall see that there exists an infinite number of eigenstates and give an 
estimate of their density. It is known that existence of resonances can be proved 
as a consequence of a trace formula [21 IM] • The same method can be applied 
here, in an easier way, to estimate the number of eigenvalues. Let us write the 
generalized eingenvalues {Aj}j>i of Lp by increasing order of their modulus, 
repeated according their mutiplicities. Let us introduce the counting function 

iVL(r)=#0 >l, |Aj| <r}. (3.35) 



Proposition 3.4 Under the assumption of Theorem \3.1\ and Lemma VS.^A there 
exists a constant C > such that for every r > 1 we have 

„n{m+l)/m 

< NL{r) < Cr"('"+i)/™ (3.36) 

Proof 

n ( m 1 ) 

Let us denote = and fix an integer k > 9. By a change of parameter, 

m 

it results from Theorem 13 . II that we have 

^[t + A,)-^- ^ Cot"-'' + O (fS-k-im+D/m^ (3 37) 

where cq ^ 0. 

To find an upper bound we apply the Weyl-Ky Fan inequality jl(J| 

J>1 J>1 
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where {sj}j>i is the set of eigenvalues of {A^^AlY/"^ . But we also have a trace 
formula for {A^^AlY/"^ ^ so we have 

Y,{t+\\,\)-^ = 0{t'-^) (3.39) 

which gives easily (taking t = r) the upper bound: 

NL{r) < Cr^'^^+i)/" (3.40) 

For the lower bound, we first remark that for t > to, large enough, we have 

\t + Xj\ > lAlLi_^_ xhis is true because, for every e > 0, we have arg(Aj) € 
8 

7r/2 — e, tt/2 + e] for j large enough [25]. Then there exists Ci > such that 

E(^+i^.r'>ci^'"' (3-41) 

It is convenient to write the above inequality with Stieljes integral 

{t + ry^dNL{r) > cxt^-^ (3.42) 



Let 7 > 1 be a large constant to be chosen later. We have, using the upper 
bound and an integration by part. 



{t + r)-^dNL{r) < kC (^J (1 + u)-''-^u'^du^ t^''' 



(3.43) 



So we can choose 7 large enough such that 







{t + ry'^dNLir) > jt^-'' (3.44) 



which easily gives the lower bound: 



NUlt) > ^t'. (3.45) 



In the paper |15| we also consider the following quadratic pencils 

Lp,qW = -a + (P(x) - A)2 + Q{xy (3.46) 

where we assume that P, Q are homogeneous polynomials of degree m > 2, 
P > 0, + is elliptic and Q is not identically if n is odd. Then we can 
extend Proposition to the corresponding counting function NLpQ^r). 
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Proposition 3.5 The following estimates are satisfied 



1 n(m+i)/m < 7Vi^_g (r) < Cr'^'^+i)/™ , (3.47) 



if one of the following condition is satisfied 

(i) m>2, n = 1, 3, 

(ii) n — 2, m > 3, 

(Hi) n — 2, m — i and the following technical condition 

{P+lf 3~V2 



(3.48) 



(P + l)2 + Q2 4 

is everywhere non negative, or everywhere non positive, on M". 
Sketch of Proof (see for details). 

We prove that the leading coefficient co,s in the trace formula is not 0. 

Remark 3.6 The same results holds if P, Q are polynomials such that the as- 
sumptions are satisfied for their homogeneous part of degree m. Furthermore we 
can replace the homogeneity condition by a quasi-homogeneity condition like in 
the example P{xi,X2) — x\+ xf. 

4 Localization of some eigenvalues 

We revisit here an example coming from a question that G. Metivier asked me 
twenty years ago. Let us consider the following quadratic pencil depending on 
a large parameter > 0. 

i^(A) = -A, + (P(x)-A)2+ry2. (4.49) 

Assuming as before that P is an elliptic-positive homogeneous polynomial of de- 
gree m > 2. Lrj{\) is conjugate to a semiclassical operator where h = 

and fj, = —. More precisely, we have 
V 

L,i\) = r,^ {^h^Ay + (Piy) - m)' + l) • (4.50) 
The analogue of the trace Theorem 13 . II gives here for the leading coefficient 

Co., = (27r)-" / 23? (Pix)+i^l+ey (4.51) 

A direct computation, as we did in the proof of Lemma [3. 21 gives 

/ (n + sm)Tr\ 

Cs,o - Is COS ^— ^ , 4.52 

\ 2m / 

fi i ffi -|- \ \ 

where 7, ^ 0. So, for every n > 1, there exists s < , such that 

m 

Co s 7^ 0. So we get 
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Proposition 4.1 There exists r]Q > 0, large enough, such that, for every r] > rjQ, 
LriiX) has a non empty spectrum. 

Let {Aj(?7)}j>i be the sequence of eigenvalues of L,,, ordered by increasing 
modulus. So Ai (rj) is a generalized eigenvalue of minimal modulus. The question 
of G. Metivier was about the behaviour of Ai(?7) as ?7 — > +oo. The answer is 

Proposition 4.2 '28^ 

lim ^ = ±i (4.53) 

(We have ±i because A is eigenvalue if and only if X is eigenvalue). 

Sketch of the Proof 

On the semiclassical side we have to prove 

lim rioih) = ±i (4.54) 

where /io(?i) is an eigenvalue of minimal modulus of i(/i) ~ —h'^Ay + {P{y) — 
+ 1- If ^ is the non self-adjoint matricial operator associated with L{^), let 
us introduce the family of complex variable functions 

Fn{z) = (27rn)" Tr (i - z) (4.55) 

where N is chosen large enough. Let us denote Vt^. = {z <E |z|<r}. The h 
principal symbol of A has the eigenvalues fi±{x,^) — P{x) ± i^/l + S^. So, by 
standard parametrix construction, for every a > 0, there exits e > such that 
for h < e, Fh{z) is holomorphic in the set — {z ^ 3fiz < 1 — a} U {z G 
C, < 1 — a}. In particular Fh{z) is holomorphic in fir := {z G C, \z\z < r} 

for r < 1, and we have 

lim Fn{z) = F,i{z) (4.56) 

?i\0 



where 



F,i{z)= I [{^i+{x,i)-z)-'' + {^l^{x.X)~z) ''\dxdi (4.57) 



Now we shall complete the proof of the proposition by contradiction. Assume 
that there exists a sequence hj, limj^+00 % = 0, such that A has no eigenvalues 
in a neighborhood of ±i. It follows that Fj (z) :— Ffi. (z), is holomorphic in a disc 
r^n for some ri > 1. Using Weyl-Ky Fan inequalities we can see that Fj is 
a uniformly bounded sequence of holomorphic functions in $7^^ . Using Montel's 
Theorem, by taking a subsequence, we can assume that lim^-^+oo Fj = F^ 
exists and is holomorphic in ^Ir-^ . Then F^ has an holomorphic extension in 
r^n • Hence we get a contradiction by computing 

lim \F^i{is)\ = +00 (4.58) 

S<1,S— f-1 



We can apply the above result to improve a little bit a result of JHl 
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Corollary 4.3 Let us assume that P{x') and Q{x") are elliptic polynomials 
in R" 0/ degree m' , respectively in R" of degree m" . Then for every n' , n" , 
to' > 2, the quadratic pencil L(X) = —A^i^x" + Q^{x") + {P{x') — A)^ has an 
infinite number of eigenvalues 

Proof 

Let us remark that the self-adjoint operator K := —A^" + Q^{x") has a basis, 
{ifij}, of eigenfunctions in i^(M" ), with eigenvalues T]j such that linij^+oo = 
+00. So the corollary is a consequence of Proposition I 

We can get also estimates on the number of eigenvalues for the pencil L^(A), 
in every dimension, for 77 large enough. Let us introduce iV^(i?) = fl={j > 
1, \X,iv)\<R}. 

Proposition 4.4 There exist C > 1, Rq > 0, % > such that, for R > Rq, 
r] > rjo we have 

^' ' < N^{R) < C(?7i?)"("+i)/'". (4.59) 

Sketch of Proof 

We follow the same method as for proving ProDOsition l3.4l For convenience, we 
work in the semiclassical side. Le us denote Nfi{R) — > 1, \fJ-j{h)\ < R}. 
We prove first the upper bound. If Sj{h) denotes the eigenvalues of 
spectral and semiclassical analysis gives, that for some constants K > 0, 

eo > 0, we have 

J2isjif^)+ty'" < Kh-'^t'^-^ (4.60) 

J>1 

for h < £0, t > 1. Then using Weyl-Ky Fan's inequality, we get as in Proposi- 
tioiEl 

Nn{R) < Kh-'^R^. (4.61) 

For the lower bound, we first remark that from the trace formula fTheorem l3.1|l 
we get for some cq > 0, 

^(|A*,(?i)|+t)-'^>con"V-'= (4.62) 

So, for h small enough, we have 

f +00 

(r + t)-^dNn{r) > CQh-'^t'^-^. (4.63) 

1/2 

Using the upper bound, we can choose 7 > large enough, such that, for 
R> Rq, we have 

/•+00 

r-^dNn{r) < — (4.64) 
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which gives easily the lower bound 

NhilR) > 2-''-^coh-''R^. (4.65) 



Acknowledgement. The author thanks B. Helffer and Xue Ping Wang for their com- 
ments on this paper. 



References 



[6; 



[9 

[lo: 
[11 
[12; 



F. Aboud. Ph.D Thesis in preparation, University of Nantes. 

M.S. Baouendi and C. Goulaouic. Nonanalytic-hypoellipticity for some de- 
genrate elliptic operators, Bull, of A.M.S, Vol. 78, No. 1, p. 483-486, May 
(1972). 

S. Chanillo. Kirillov theory, Treves strata, Schrodinger equations and 
analytic hypoellipticity of sums of squares. Preprint August 2001, 
http://arxiv.org /pdf/math. AP /0107106| | . 



S. Chanillo, B. Helffer and A. Laptev. Non linear eigenvalues 
and analytic hypoellipticity. Preprint Institut Mittag-Leffler and 
[http: / /arxiv.org/pdf/ math. AP /021 1308_ To appear in Journal of Func- 
tional Analysis (2004). 

M. Christ. Some non-analytic-hypoelliptic sums of squares of vector fields. 
Bull. A.M.S 16, p. 137-140 (1992). 

M. Christ. Analytic hypoellipticity, representations of nilpotent groups, 
and a non-linear eigenvalue problem. Duke Math. J. 72, p. 595-639 (1993). 

M. Christ. Analytic hypoellipticity in dimension two. MSRI Preprint, 
No.1996-009 (1996). 

N . Dunford and J.T. Schwartz. Linear Operators, Vol.2, Interscience Publ. 
(1963). 

A. Friedman and M. Shinbrot. Nonlinear Eigenvalue Problems, Acta Math- 
ematica 121 p.77-128 (1968) 

I. Gohberg and M.G. Krein. Introduction a la theorie des operateurs non 
necessairement auto-adjoints, Dunod, (1972). 

N. Hanges and A. Himonas. Singular solutions for sums of squares of vector 
fields. Comm. in P.D.E, 16 No. 8/9, p. 1503-1511, (1991). 

N. Hanges, A. A. Himonas. Non-analytic hypoellipticity in the presence of 
symplecticity. Proc. Am. Math. Soc. 126, n°2, p. 405-409 (1998). 



14 



[13] B. Hclffcr. Conditions ncccssaircs d'hypoanalyticitc pour dcs opcratcurs 
invariants a gauche sur un groupe nilpotent gradue. Journal of differential 
Equations, Vol. 44, n°3, p. 460-481 (1982). 

[14] B. Helffer. Remarques sur des resultats de G. Metivier sur le nonhypo- 
analyticite, Seminaire de I'Unversite de Nantes, expose No. 9, 1978-79. 

[15] B. Helffer, D. Robert and Xuc Ping Wang. Semiclassical analysis of a non 
linear eigenvalue problem and analytic hypoellipticity. Algebra i Analiz, 16, 
No. 1, p.320 (2004). 

[16] L. Hormander. Hypoelliptic second order differential equations. Acta Math- 
ematica, 119, p. 147-171, (1967). 

[17] M. V. Keldysh. On the completeness of the eigenfunctions of some classes of 
non self-adjoint linear operators, Russian Math. Survey, 26, No. 4, p. 15-44, 

(1971). 

[18] A. Konlein. Ph.D Thesis, Nantes University, (1986). 

[19] M.G. Krein and H. Langer. On the mathematical principles in the linear 
theory of damped oscilations of continua I, Integral Equations and Operator 
Theory, p. 364-399, vol 1/3, (1978). 

[20] A.S. Markus. Introduction to the spectral theory of polynomial operator pen- 
cils. Vol. 71, Translations of mathematical monographs. American Mathe- 
matical Society. 

[21] G. Metivier. Analytic hypoellipticity for operators with multiple charac- 
teristics. Comm. in PDE 6, p. 1-90, (1980). 

[22] G. Metivier. Une classe d'operateurs non-hypoelliptiques analytiques. In- 
diana Univ. Math. J., Vol. 29, p. 823-860, (1980). 

[23] G. Metivier. Une classe d'operateurs nonhypo-analytiques, Seminaires 
Goulaouic-Schwartz, 1978-79. 

[24] L. Ncdc>k;c. Existence of resonances for matrix Schrodinger operators. 
Asymptotic Analysis, No. 35, p. 301-324, (2003). 

[25] Pham The Lai, D. Robert. Sur un probleme aux valeurs propres non 
lineaire, J. of Math. Vol.36, p.l69 -186, (1980). 

[26] D. Robert, Proprietes Spectrales d'Operateurs Pseudiff/'erentiels. Comm. 
in P.D.E 3 p. 755-826, (1978). 

[27] D. Robert. Autour de I' approximation semi-classique. Progress in Mathe- 
matics n° 68, Birkhauser, (1987). 

[28] D. Robert. Non linear Eigenvalues Problems with small parameter. Integral 
Equations and Operator Theory, Vol.7, p. 231-240, (1984). 



15 



[29] R. Scclcy. Complex powers of an elliptic operators, Singular Integrals, Pro. 
Symposia Pure Math. 110, A.M.S, p. 288-307, (1967). 

[30] B. Simon. Trace ideals and their applications. London Mathematical Soci- 
ety. Lecture Note Series 35. Cambridge University Press (1979). 

[31] J. Sjostrand. A Trace Formula for Resonances and application to semiclas- 
sical Schrodinger operators, Seminaire E.D.P, Ecole Polytechnique, Exp. 
No.ll, 1996-1997. 

[32] F. Treves. Analytic hypoellipticity of a class of pseudo-differential operators 
with double characteristics and applications to the 9-Neumann problem. 
Comm. in PDE 3, p. 476-642 (1978). 

[33] F. Treves. Symplectic geometry and analytic hypoellipticity. Differential 
equations: La Pietra 1996 (Florence), p. 201-219, Proc. Sympos. Pure 
Math., 65, Amer. Math. Soc, Providence, RI, (1999). 



